Multinomial Estimation of Runs Created and the Probability of Victory



Our approach is to motivate a Gaussian distribution assumption for expected runs based upon the runs created formula and a reasonable statistical model (namely, the multinomial model) for batting events in baseball.  The expressions for mean and variance of runs created can then be employed to estimate the probability of victory in the context of said Gaussian model.



I  Basic Theory



We assume perfect a priori knowledge of the probability of any batting event, and since the class of possible batting events is finite and also know a priori, the multinomial probability distribution is strongly suggested as the appropriate statistical model for batting events (this presumes that baseball offense can be modeled as a stationary random process - more on this later).  Partitioning the possible batting events (e.g., W, S, D, T, HR, DP gb, strikeout, etc.) into � EMBED "Equation" "Word Object4" \* mergeformat  ��� distinct classes and letting � EMBED "Equation" "Word Object7" \* mergeformat  ��� be the observed # of plate appearances that fall into the � EMBED Equation.2  ���th. class, the expression for the joint probability of the � EMBED "Equation" "Word Object4" \* mergeformat  ��� random variables � EMBED "Equation" "Word Object7" \* mergeformat  ��� is



� EMBED "Equation" "Word Object1" \* mergeformat  ���,  � EMBED "Equation" "Word Object1" \* mergeformat  ���,  � EMBED "Equation" "Word Object1" \* mergeformat  ���



where � EMBED "Equation" "Word Object22" \* mergeformat  ��� is the probability of observing class � EMBED "Equation" "Word Object23" \* mergeformat  ��� for each sample.  In what follows the notation � EMBED Equation.2  ��� indicates the mathematical expectation operator, where the underlying distribution is clear from the context.



We know



� EMBED "Equation" "Word Object1" \* mergeformat  ���									(1a-c)



where � EMBED "Equation" "Word Object4" \* mergeformat  ���.



Define



� EMBED "Equation" "Word Object3" \* mergeformat  ���										(2)



 and 



� EMBED "Equation" "Word Object4" \* mergeformat  ���										(3)



That is, � EMBED "Equation" "Word Object5" \* mergeformat  ��� is (observed) on-base percentage  and � EMBED "Equation" "Word Object6" \* mergeformat  ��� is (observed) total bases, where � EMBED Equation.2  ���, � EMBED Equation.2  ��� are the on-base, total-base weights respectively for class � EMBED Equation.2  ��� (in particular, note that � EMBED Equation.2  ���=either 1 or 0).  Then



� EMBED "Equation" "Word Object10" \* mergeformat  ���									(4)



and



� EMBED "Equation" "Word Object11" \* mergeformat  ���									(5)



Now



� EMBED "Equation" "Word Object14" \* mergeformat  ���		(6)



Therefore



� EMBED "Equation" "Word Object13" \* mergeformat  ���			(7)



Similarly



� EMBED "Equation" "Word Object15" \* mergeformat  ���						(8)



II.  Estimation of Mean and Variance of Runs Created



We assume



� EMBED "Equation" "Word Object8" \* mergeformat  ���											(9)



where � EMBED "Equation" "Word Object9" \* mergeformat  ��� is runs scored given � EMBED "Equation" "Word Object5" \* mergeformat  ��� and � EMBED "Equation" "Word Object6" \* mergeformat  ��� per the runs created formula.  We are interested in � EMBED "Equation" "Word Object16" \* mergeformat  ��� and � EMBED "Equation" "Word Object17" \* mergeformat  ���, the mean and variance of runs created respectively.  We can compute � EMBED "Equation" "Word Object16" \* mergeformat  ��� directly as 



� EMBED "Equation" "Word Object3" \* mergeformat  ���	(10)



This result makes it clear that using � EMBED Equation.2  ��� as an estimator for expected runs gives a biased estimate.  This is not suprising since it is clear that � EMBED "Equation" "Word Object5" \* mergeformat  ��� and � EMBED "Equation" "Word Object6" \* mergeformat  ��� are correlated random variables, no matter what underlying statistical model one asserts for individual batting events.   Since this is a common mistake, we see the importance of carefully considering appropriate statistical distribution models in the analysis and use of baseball statistics.  Note that the above result for � EMBED "Equation" "Word Object16" \* mergeformat  ��� gives immediately the covariance of � EMBED "Equation" "Word Object5" \* mergeformat  ��� and � EMBED "Equation" "Word Object6" \* mergeformat  ��� as



� EMBED "Equation" "Word Object18" \* mergeformat  ���	(11)





Unfortunately we do not know a priori the value of � EMBED "Equation" "Word Object5" \* mergeformat  ���, the total # of plate appearances, which is needed for computing � EMBED "Equation" "Word Object16" \* mergeformat  ���.  Therefore we must replace � EMBED "Equation" "Word Object19" \* mergeformat  ��� in the above by an (unbiased) estimator



� EMBED "Equation" "Word Object20" \* mergeformat  ���								(12)



 where � EMBED Equation.2  ��� is the number of outs over which we wish to estimate runs created.  We then obtain



� EMBED "Equation" "Word Object11" \* mergeformat  ���								(13)



� EMBED "Equation" "Word Object16" \* mergeformat  ���				(14)



� EMBED "Equation" "Word Object15" \* mergeformat  ���		(15)



� EMBED "Equation" "Word Object15" \* mergeformat  ���		(16)



Direct computation of � EMBED "Equation" "Word Object17" \* mergeformat  ��� is prohibitively complex (it involves difficult to evaluate 4th. order multinomial moments) because � EMBED "Equation" "Word Object21" \* mergeformat  ��� and � EMBED "Equation" "Word Object22" \* mergeformat  ��� are correlated random variables (� EMBED "Equation" "Word Object23" \* mergeformat  ���).  However, if we argue that � EMBED "Equation" "Word Object21" \* mergeformat  ��� and � EMBED "Equation" "Word Object22" \* mergeformat  ��� are (at least approximately) Gaussian random variables (which is clearly true in light of the central limit theorem and the definitions of � EMBED "Equation" "Word Object21" \* mergeformat  ��� and � EMBED "Equation" "Word Object22" \* mergeformat  ���) we can define a linear transformation of � EMBED "Equation" "Word Object21" \* mergeformat  ��� and � EMBED "Equation" "Word Object22" \* mergeformat  ���  into uncorrelated random variables � EMBED "Equation" "Word Object24" \* mergeformat  ��� and � EMBED "Equation" "Word Object25" \* mergeformat  ��� via the well known whitening transformation [Fukunaga, 1990] that greatly simplifies the estimation of � EMBED "Equation" "Word Object17" \* mergeformat  ���.



Let  � EMBED "Equation" "Word Object26" \* mergeformat  ���.  Then � EMBED "Equation" "Word Object27" \* mergeformat  ��� and � EMBED "Equation" "Word Object28" \* mergeformat  ���					(17a-c)



are the mean vector and covariance matrix of � EMBED "Equation" "Word Object6" \* mergeformat  ��� respectively.  Then



� EMBED "Equation" "Word Object29" \* mergeformat  ��� 									(17d)



is a 0-mean, Gaussian distributed random vector with covariance matrix 



� EMBED "Equation" "Word Object32" \* mergeformat  ���								(17e)



 i.e., the eigenvalue matrix of � EMBED "Equation" \* mergeformat  ���, where 



� EMBED "Equation" "Word Object2" \* mergeformat  ���								(17f)



is the (column) eigenvector matrix of � EMBED "Equation" \* mergeformat  ���.  Then we have 



� EMBED "Equation" "Word Object31" \* mergeformat  ��� or � EMBED "Equation" "Word Object33" \* mergeformat  ���							(17g-h)



Note that � EMBED "Equation" "Word Object34" \* mergeformat  ��� since � EMBED "Equation" "Word Object24" \* mergeformat  ��� and � EMBED "Equation" "Word Object25" \* mergeformat  ���  are (0-mean) uncorrelated Gaussian random variables and hence are  independent, and � EMBED "Equation" "Word Object35" \* mergeformat  ���, � EMBED "Equation" "Word Object35" \* mergeformat  ���, and � EMBED "Equation" "Word Object36" \* mergeformat  ���.  We can now find � EMBED "Equation" "Word Object17" \* mergeformat  ��� as



� EMBED "Equation" "Word Object17" \* mergeformat  ���		(18a)



If � EMBED "Equation" "Word Object5" \* mergeformat  ��� is unknown, then we only have estimates available for � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���, and � EMBED Equation.2  ���, so that we must  compute estimates � EMBED Equation.2  ���, � EMBED "Equation" \* mergeformat  ���, � EMBED Equation.2  ���, and � EMBED "Equation" \* mergeformat  ���  for � EMBED Equation.2  ���, � EMBED "Equation" \* mergeformat  ���, � EMBED Equation.2  ���, and � EMBED "Equation" \* mergeformat  ��� respectively by replacing � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���, and � EMBED Equation.2  ��� in eqn(17a) through eqn(18a) with � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���, and � EMBED Equation.2  ��� respectively.  This gives the following estimate for � EMBED "Equation" "Word Object17" \* mergeformat  ���:



� EMBED "Equation" "Word Object17" \* mergeformat  ���		(18b)



III  Estimating the Probability of Victory



Having determined a method for computing estimates � EMBED "Equation" "Word Object16" \* mergeformat  ��� and � EMBED "Equation" "Word Object17" \* mergeformat  ���  for � EMBED "Equation" "Word Object16" \* mergeformat  ��� and � EMBED "Equation" "Word Object17" \* mergeformat  ��� respectively, where � EMBED "Equation" "Word Object16" \* mergeformat  ��� and � EMBED "Equation" "Word Object17" \* mergeformat  ���  are a function of � EMBED Equation.2  ��� and the various � EMBED Equation.2  ��� alone per eqn(4),  and eqn(13) through eqn(18b), we can employ � EMBED "Equation" "Word Object16" \* mergeformat  ��� and � EMBED "Equation" "Word Object17" \* mergeformat  ��� to compute an estimate of the probability of victory (when � EMBED Equation.2  ��� is set to 27).



Assume � EMBED "Equation" "Word Object10" \* mergeformat  ��� and � EMBED "Equation" "Word Object10" \* mergeformat  ��� are independent and Gaussian random variables with � EMBED "Equation" "Word Object11" \* mergeformat  ��� and � EMBED "Equation" "Word Object12" \* mergeformat  ���.  Then we are interested in � EMBED "Equation" "Word Object13" \* mergeformat  ���.



Define  � EMBED "Equation" "Word Object14" \* mergeformat  ���  � EMBED "Equation" "Word Object15" \* mergeformat  ��� and � EMBED "Equation" "Word Object16" \* mergeformat  ���.  Then � EMBED "Equation" "Word Object17" \* mergeformat  ��� is a unit Normal (Gaussian with 0 mean and � EMBED "Equation" "Word Object21" \* mergeformat  ���) random variable, and  



� EMBED "Equation" "Word Object13" \* mergeformat  ���		(19)



Thus



� EMBED "Equation" \* mergeformat  ���							(20)



 is the probability that � EMBED "Equation" "Word Object20" \* mergeformat  ���, where � EMBED "Equation" "Word Object13" \* mergeformat  ���.



Given knowledge of the � EMBED Equation.2  ��� associated with each � EMBED Equation.2  ���, we can compute estimates � EMBED Equation.2  ��� and � EMBED Equation.2  ���  for � EMBED Equation.2  ��� and � EMBED Equation.2  ��� respectively.  Then an estimate for the probability of victory for team 1 over team 2 would be



� EMBED "Equation" \* mergeformat  ���								(21)



Note that performing this computation with � EMBED Equation.2  ��� set to a value less than 27 would represent the probability that team 1 was leading team 2 after � EMBED Equation.2  ���/3 innings played.  One could also estimate the probability of leading after half-innings by using a � EMBED Equation.2  ��� for the visiting team 3 greater than the � EMBED Equation.2  ��� value used for the home team.  One would need to take care in using this formula for extra inning contests however, as that would involve an implicit assumption of a tie score after 9 innings that is not reflected in the underlying modeling assumptions presented.  Similarly one cannot employ this formula to estimate the winning % between two teams over several games by the simple expedient of setting � EMBED Equation.2  ��� equal to 27¥# of games, as that would violate the assumptions that underlie the Gaussian victory model, i.e., one only compares runs scored within the context of a single game to determine the victor, not cumulative per team tallies over several games.



Studies comparing this estimate to the well-known empirical formula for victories given runs for and against, otherwise known as the Pythagorean Theorem of Baseball



� EMBED Equation.2  ���										(22)



may prove illuminating, and could be readily accomplished by replacing the input � EMBED Equation.2  ��� data with  the standard estimators � EMBED Equation.2  ��� from observed data between two fixed teams, preferably over several games.  In such a case one would interpret � EMBED Equation.2  ��� as an estimate for the winning % between the two teams in question to be compared against the observed proportion of wins.



IV  Assumptions



In the above derivation the following critical assumptions were employed:



1.  Baseball is (at least) a stationary random process - even though the basic batting event probabilities change drastically from batter to batter, we assume that overall performance of a lineup can be reasonably estimated from the average batting performance over that lineup.  There is empirical evidence to support this assertion, and I claim that a theoretical argument to this effect is possible to generate but it would be quite esoteric and thus not worthwhile in the context of this paper.



2.  The runs created formula is an accurate (or at least unbiased) estimator of runs given a collection of batting events - the evidence for this is essentially empirical (see the extensive sabermetric literature motivated by the studies of Bill James).  In fact, we could replace the runs created formula in the above with any alternative that can be shown to give good performance in ESTIMATING RUNS FROM A GIVEN SET OF BATTING EVENTS.  Runs created has a certain aesthetic appeal since it is a non-linear model for what is clearly a non-linear phenomenon, i.e., runs.  It is clearly possible to use a simpler linear formula for runs as a function of events and 'out predict' runs created in a local sense, i.e., for a restricted set of input � EMBED Equation.2  ��� data.  However, it is apparent from a careful examination of the available data that runs created gives good accuracy over a much wider range of input data variation that any competing linear formulation can.
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